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Abstract. Let Tg be the fundamental group of a closed ori- 
ented Riemann surface Eg, g > 2, and let G be a simple Lie 
group of Hermitian type. The Toledo invariant defines the sub- 
set of maximal representations Rep^^^, (Tg , G) in the representa- 
tion variety Rep(rg,G). Rep^g^^{rg,G) is a union of connected 
components with similar properties as Teichmiiller space T(Eg) = 
Rep„^^(rg, PSL(2, K)). We prove that the mapping class group 
Modsg acts properly on Rep„^j.(rg, G) when G — Sp(2n,R), 
SU(n,n), S0*(4n), Spin(2,n). 
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1. Introduction 

Let Tg be the fundamental group of a closed oriented surface Eg 
of genus g > 2. Let G be a connected semisimple Lie group and 
Hom(rp, G) the space of homomorphisms p : Tg ^ G. The automor- 
phism groups of Tg and G act on Hom(rg, G) by 

Aut{Tg) X Aut(G') X Hom(rg,G) ^ }iom{Tg,G) 
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Considering homomorphisms only up to conjugation in G defines the 
representation variety 

Rep(r3,G') := Yiom{Vg,G)/ lim^G). 

The above action induces an action of the group of outer automor- 
phisms Ovit{Vg) := Aut{Tg)/lnn{Tg) of on Rcp(rg,G): 

Out(rg) X Rep(rg, G) ^ RepiTg,G) 

[p]) ^ bPp] ■= [(7 ^ • 

Recall that Out(rg) is isomorphic to 7ro(Diff (S^)). The mapping 
class group Modsg is the subgroup of Out(rg) corresponding to ori- 
entation preserving diffeomorphisms of T,g. We refer to [16, 10] for a 
general introduction to mapping class groups and to [11] for a recent 
survey on dynamical properties of the action of Out(rg) on represen- 
tation varieties Rep(rg,G). 

This note is concerned with the action of the mapping class group on 
special connected components of Rep(rg, G) when G is of Hermitian 
type. Recall that a connected semisimple Lie group G with finite center 
is said to be of Hermitian type if its associated symmetric space A* is a 
Hermitian symmetric space. When G is of Hermitian type there exists 
a bounded continuous integer valued function 

T : Rep{Tg, G) ^ Z 

called the Toledo invariant. 

The level set of the maximal possible modulus of T is the set of 
maximal representations 

^(^Pmaxi^g^G) C Rcp(rg,G), 

which is studied in [12, 13, 23, 15, 1, 14, 6, 3, 4, 21]. Since the Toledo 
invariant is locally constant, its level sets are unions of connected com- 
ponents. 

Results of [12, 13, 6, 4] suggest that maximal representations pro- 
vide a meaningful generalization of Teichmiiller space when G is of 
Hermitian type [25]. This note supports this similarity by proving the 
following theorem 

Theorem 1.1. Let G = Sp(2n,M), SU(n,n), S0*(4n), Spin(2,n). Then 
the action of Mod^g on Rep^„^(rc,, G) is proper. 

The validity of Theorem 1.1 for all groups locally isomorphic to ei- 
ther Sp(2n, M), SU(n, n), S0*(4n) or Spin(2,n) would follow from an 
affirmative answer to the following question: 
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Question. If G = Sp(2n,M), SU(n, n),_S0*(4n) or Spin(2,n), G the 
adjoint form of G, and p e Ke^^^^iTg, G), does there exist a hft of p 
to G? 

Remark 1.2. Note that maximal representations factor through maxi- 
mal subgroups of tube type [6, 4] . Therefore the only case which is not 
covered by the above theorem is the exceptional group G — £^7(_25)- 

We would like to remark that the study of maximal representations 
Rep^^^iTg, G) C Rep(rc,, G) when G is of Hermitian type is related to 
the study of the Hitchin component Repj^(rg, G) C Rep(rg, G) for split 
real simple Lie groups G. Prangois Labourie recently announced, as a 
consequence of his work on Anosov representations and crossratios [18, 
20], that the mapping class group acts properly on Repj^(r^, SL(n, M)). 
After finishing this note, we learned that he also has a proof for maximal 
representations into Sp(2n, R) [19]. 

The author is indebted to Marc Burger for motivation, interesting 
discussions and for pointing out a mistake in a preliminary version 
of this paper. The author thanks Bill Goldman, Ursula Hamcnstadt, 
Alessandra lozzi and Frangois Labourie for useful discussions, and the 
referee for detailed suggestions which helped to substantially improve 
the exposition of this note. 

2. Maximal Representations and Translation Lengths 

2.1. Maximal Representations. For an introduction and overview 
the reader is referred to [3, 4]. Let G be a connected semisimple Lie 
group with finite center. Denote hy X = G/K, with K < G a maximal 
compact subgroup, its associated symmetric space. G is said to be of 
Hermitian type if there exists a G-invariant complex structure J on X. 
The composition of the Riemannian metric induced by the Killing form 
*B on A" with the complex structure defines a Kahler form 

ux{v,w) := ^^{v, Jw) 

which is a G-invariant closed differential two- form on X . 

Given a representation p : F^ — > G consider the associated fiat bundle 
Ep over Eg defined by 

Ep := F,\(S, X X), 

where F^ acts diagonally by deck transformations on and via ponX. 
As X is contractible, there exists a smooth section f : 'Eg ^ Ep which 
is unique up to homotopy. This section lifts to a smooth p-equivariant 
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map / : — > x A* — > A*. The pull back oioox via / is a Fg-invariant 
two-form f*u!x on Eg which may be viewed as a two-form on the closed 
surface E^. The Toledo invariant of p is 



The Toledo invariant is independent of the choice of the section / and 
defines a continuous function 



The map T is invariant under the action of Inn(G') and constant on con- 
nected components of the representation variety. The Toledo invariant 
satisfies a generahzed Milnor-Wood inequality [8, 7] 



where rkx is the real rank of X and p;^ G N is explicitly computable 
in terms of the root system. 

Definition 2.1. A representation p : Fg — > G is said to be maximal if 



Remark 2.2. Changing the orientation of E^ switches the sign of T. 
We will restrict our attention to the case when p is maximal with 



We define the set of maximal representations 

Rep^^^{Tg, G) := {[p] G Rep(Fp, G) | p is a maximal representation}, 

which is a union of connected components of Rep(Fp,G). The set 
Rep^a3,(Fg, PSL(2, R)) is the union of the two Teichmiiller components 
ofE, [12]. 

The action of the group Out(Fg) := Aut(Fp)/ Inn(Fp) of outer auto- 
morphism of Tg on Rep(Fg, G) given by 

Out(Fj X Rep(F3,G') ^ Rep(F3,G') 

(V^^ [p]) ^ bPp] ■= Hi ^ p(^7))]- 

preserves Rep^„^.(Fy, G). 

The mapping class group Modsg preserves, and hence acts on the 
components of Rep^^^{rg, G) where T > 0. 

Remark 2.3. Note that whereas Teichmiiller space, the set of quasi- 
fuchsian representations and Hitchin components are always contractible 




T : Hom(rg, G) Z. 




T(p) > 0. 
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subsets of Rep(rg,G), certain components of the set of maximal rep- 
resentations might have nontrivial topology [14, 2]. 

2.2. Translation Lengths. For a hyperbolization h : Tg ^ PSL(2, M) 
define the translation length tr^j of 7 e as 

tr/i(7) := inf do(p,7p). 

For a representation p :Tg ^ G define similarly the translation length 
trp of 7 e Fg as 

trp(7) := inf dx{x, p{-i)x), 

where dx is any left-invariant distance on the symmetric space associ- 
ated to G. 

Proposition 2.4. Fix a hyperbolization h ofTg. Assume that for any 
maximal representation p -.Tg ^ G there exists A, S > such that 

{2.1)A-Hih{n) - B <iip(j) < Aiihin) + B forall-feVg. 

Then Mods^ acts properly on Rep^^^(Tg, G). 

The Proposition relies on the fact that Mod^g acts properly discon- 
tinuous on Teichmiillcr space T(Fg), which is due to Fricke. 

Lemma 2.5. [9, Proposition 5] There exists a collection of simple closed 
curves {ci, ■ • • Cg^.g} on T,g such that the map 

h ^ (tr^(7i))i=i,-,9ff-9, 
where 7^ is the element ofFg corresponding to Ci, is injective and proper. 

Remark 2.6. A family of such 9g — 9 curves is given by 3g — 3 curves 
ai giving a pants decomposition, 3g — 3 curves /3i representing seems 
of the pants decomposition and the 3g — 3 curves given by the Dehn 
twists of Pi along ctj (see e.g. [10]). 

Proof of Proposition 2.4- We argue by contradiction. Suppose that the 
action of Modsg on Rep^^^(Tg, G) is not proper. Then there exists a 
compact subset G C Rep„j„^(Fg, G) such that 

G Mods, I ^(C) n C] 

is infinite. Thus there exists an infinite sequence ipn in Mods^ and a 
representation p G Rep^„3,(Fg, G) such that '0„(p) converges to a repre- 
sentation Poo £ ^^Vmaxi^g-i^)- Since %l)n acts properly on Teichmiiller 
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space T{Tg), the sequence of hyperbolizations ipnh leaves every com- 
pact set of T(rg). This imphes that the sum of the translation lengths 
of the elements ji, i — 1, • • • ,9g — 9 tends to oo: 

99-9 
i=l 

By assumption (2.1) 

A-Ur,(^-H)-S<tr,(CH), 

hence 

99-9 
i=l 

This contradicts lim„^oo "ipriP = Poo, since, by (2.1), the sum Y^^ii^ tr^^ (7^) 
is bounded from above by A Y1^=l^ tr/i(7j) + B. □ 

Note that the upper bound for the comparison of the translation 
lengths with respect to a hyperbolization h and a representation p is 
established quite easily 

Lemma 2.7. Fix a hyperbolization h. For every maximal representa- 
tion p -.Tg ^ G there exists A,B>0 such that 

tip (7) < ^tr;,(7) + B for all 7 e T^. 

Proof. Let X be the symmetric space associated to G. By [17, Propo- 
sition 2.6.1] there exists a p-equivariant (uniform) L-Lipschitz map 
/ : D — > A". Let po £ D such that tr;j(7) = dn{po: 7Po), then 

tr,(7) < d;,(/(po),p(7)/(Po))=d;,(/(po),/(7Po)) 
< LdD(po,7Po) = Ltihi^). 

□ 



3. Maximal Representations into the Symplectic Group 

The main objective of this section is to establish the following 

Proposition 3.1. For any hyperbolization h ofVg, there exist con- 
stants A,B>0 such that 

A-HiM -B< tr^(7) < Atr^i^) + B 

for all p e Rep^„j. (Pg, Sp(2n, R)) and all 7 G Pp. 

Proposition 3.1 in combination with Proposition 2.4 gives 
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Corollary 3.2. The action of Mo ds^ on Rep^^^{Tg,Sp{2n,R)) is 
proper. 

That Theorem 1.1 can be deduced from Proposition 3.1 and Propo- 
sition 2.4 can be seen as follows - we refer the reader to [3, 5, 24] 

for more on tight homomorphisms and their properties. Satake [22, 
Ch. IV] investigated when a simple Lie group G of Hermitian type 
admits a homomorphism 

t:G^ Sp(2m,M). 

such that the induced homomorphism of Lie algebras 

TT : sp(2m, M) 

is a so called (if2)-Lie algebra homomorphism. Examples of such are 

r: SU(n,n) Sp(4n,M) 
r: S0*(4n) ^ Sp(8n,M) 

r : Spin(2,n) Sp(2m,M), where m depends on n mod 8. 

In [24, 5] we prove that any such (iJ2) -homomorphism r is a tight 
homomorphism. This implies in particular that the composition of any 
maximal representation p : Fg — > G for G = SU(n, n), S0*(4n), Spin(2, n) 
with the homomorphism t : G Sp(2m,M) is a maximal represen- 
tation pr := T o p : T g ^ Sp(2m,]R). By Proposition 3.1 the transla- 
tion lengths tr/i(7) and trp^(7) are comparable. Since the embedding 
Xg '^Sp(2m,R), defined by r, is totally geodesic and the image PriXg) 
preserves Ac, the same argument as in Lemma 3.9 below gives that 
tv(7) = trp(7) for all 7 e P^. 

3.1. The Symplectic Group. For a 2n-dimensional real vector space 
V with a nondegenerate skew- symmetric bilinear form (•, •), the sym- 
plectic group Sp(y) is defined as 

^p{V) := Aut(\^, (•, •)) := {g G Gh{y) \ {g-, g-) = (•, •)}. 

The symmetric space associated to Sp(\^) is given by 

Xsp := {J e GL{V) I J2 = -Id, {; J-) » 0}, 

where (•, J-) » indicates that (■, J-) is symmetric and positive def- 
inite. The action of Sp(y) on Asp is by conjugation g((J) = g^^Jg. 

We specify a left invariant distance on Asp as follows. Let Ji, J2 G 
Asp, the symmetric positive definite forms {■, Jv) define a pair of Eu- 
clidean norms qi on V. Denoting by 1 | ji,,/2 the norm of the identity 
map from {V,qi) to (V, ^2) we define a distance on Agp by 

log||/d||j2,ji 



dsp(^i,^2) := log||/c?||ji 



J2 



+ 
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3.2. Transverse Lagrangians and Causal Structure. Let 

C{V) ■={LcV\ dim(L) = n, (■, ■)|^ = 0} 

be the space of Lagrangian subspaces of V. Two Lagrangian subspaces 
L^,L_ e C^V) are said to be transverse if L_|_ fl L_ = {0}. Any two 
transverse Lagrangian subspaces L+, L_ e JO,{V) define a symmetric 
subspace 3^l_,l+ C Xsp by 

Writing an clement g G Sp(V) in block decomposition g = 

with respect to the decomposition V — L_ © L+ defines a natural 
embedding GL(L_) — Sp(y) given by 

GL(L_) ^ Sp(l^) 

^ ^ (o 

similarly for GL(L+). 

The subgroup GL(L_) preserves the symmetric subspace and 
acts transitively on it. 

Remark 3.3. The space of Lagrangians C{V) can be identified with the 
Shilov boundary 5'sp of Xsp, and realized inside the visual boundary as 
the G-orbit of a specific maximal singular direction. Two Lagrangians 
are transverse if and only if the two corresponding points in the visual 
boundary can be joined by a maximal singular geodesic 71,^.. The sym- 
metric subspace 3^z,_,l+ is the parallel set of 7^^., i.e. the set of points 
on fiats containing the geodesic 7l±; it is the noncompact symmetric 
space dual to £{V) ~ U(L_)/0(L_). 

For J G 3^L_,L+ the restriction of (•, J-) to L_ is a positive definite 
symmetric bilinear form on L_, and conversely, fixing L+, any positive 
definite symmetric bilinear form Z on L_ defines a complex structure 
J G yL.,L+- Therefore, the space 

yL_,s '■= {Z I Z positive bilinear form on L_}. 

with the action of GL(L_) by 

A{Z) := A^ZA, 

where we choose a scalar product on L_ (i.e. a base point) and realize 
a bilinear form on L_ as a symmetric (n x n) matrix Z, is GL(L_)- 
equivariantly isomorphic to yL_,L+- We endow with the left- 

invariant distance induced by dsp via this isomorphism. 
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The space is endowed with a natural causal structure, given 

by the GL(L_)-invariant family of proper open cones 

flz '■= {Z' C 3^L_,s \ Z' — Z is positive definite }. 

Definition 3.4. A continuous map / : [0, 1] 3^l_,s is said to be 
causal if f{t2) G ^/(ti) for all < ti < t2 < I. 

A consequence of the proof of Lemma 8.10 in [3] is the following 

Lemma 3.5. For all Z e g, Z' G f2z and every causal curve f : 
[0, 1] ^ yL.,s with /(O) = Z and /(I) = Z': 

length{f)<ndsp{Z,Z'), 

where n — dim(L_). 

The claim basically follows from the last inequality in the proof of 
Lemma 8.10 in [3]. However, for the reader's convenience we give a 
direct proof here. 

Proof. Since dsp is left invariant it is enough to prove the statement for 
Z = Idn G 3^L_,s- For any subdivision 

= to < ^1 < • • • < = 1 

let f{ti) = BjBi e 3^L_,s, and note that by causality 

det {{B,Br^^f{BiBr^,)) < 1. 

With n — dim(L_), we have 

dsMiti)J{ti+i)) = ds^{BfB„Bf_^,B,^,) 

= log [Xma. {{B,+iB.YiB,^,Bi'))] 

+ log [X^,n {{B,+,B.Y{B,+,Br^))] 

< log [det {{B,+,B7Y{B,+,B-'))] 

- n\og [det {{B,B-,\f{B,Br^\))] 

< nlog [XmaxiBj^+^Bi+i)] 

- nlog [XminiBf Bi)] 

+ nlog [XminiBl^^Bi+i]] 

- nlog [Xmax(Bj' Bi)] . 
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Summing over the subdivision we obtain 

m 

length(/) < J]dsp(/(i,),/(*i+i)) 

< n [logA„a^(/(l)) + logA„i„(/(l))] 

- n [logAmaa;(/(0)) - log Ami„(/(0))] 

= n [logA„a^(/(l)) + logA^i„(/(l))] 
= ndsp(/(0),/(l)) 

as needed. □ 

3.3. Quasi-isometric Embedding. Let p : — > Sp(y) be a maxi- 
mal representation. The choice of a hyperbohzation h of Vg defines a 
natural action of Vg on — 9D. 

Lemma 3.6. [3, Corollary 6.3] There exists a p-equivariant continuous 
map ip : '^{V) suci that distinct points x,y & are mapped to 

transverse Lagrangians (f{x),ip{y) G CiV). 

A triple {L^, Lq, L^) G C{V)^ of pairwise transverse Lagrangians 
gives rise to a complex structure 

/ -T+\ 
Jlo = ij- Q° 1 on y = L_ ® L+, 

where : L± is the unique linear map such that Lq = 

graph(Tj''). A triple (L_,Lo,L+) of pairwise transverse Lagrangians 
is maximal if the symmetric bilinear form (-, Jlq-) is positive definite, 
that is if Jl(, G 3^l_,l+ C Xsp. Wc denote by C{V)^+ the space of 
maximal pairwise transverse triples in C{V). 

Under the identification of the unit tangent bundle of the Poincarc- 
disc T^D ~ (5'^)^+ with positively oriented triples in S^, the map (p 
gives rise to a p-equivariant map (Equation (8.9) in [3]) 

u = {u^,uo,u+) ^ {ip{u^),(p{uo),Lp{u+)) ^ J{u), 
where J{u) is the complex structure defined by the maximal triple 

Let Qt be the lift of the geodesic fiow on T^S^ to T^D. Then for all t the 
image of gtu = (m_, ut, m+) under J is contained in the symmetric sub- 
space 3^<^(u_),(^(u+) C A'sp associated to the two transverse Lagrangians 
ip{u_),(p{u+). 
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Lemma 3.7. [3, Equation 8.8] Let 7 G rg\{/d} andp e D a point. De- 
note byu E T^D the unit tangent vector atp of the geodesic connecting 
p and 7p. Then there exists a constant A' > such that 

Remark 3.8. Note that the statement of Lemma 3.7 imphes that the 
action of Mod^g on the connected components of maximal Toledo 
invariant in HomiTg, G) is proper, but is not sufficient to deduce Theo- 
rem 1.1. The inequality in Lemma 3.7 is with respect to specific points 
in Asp, but to compare the translation lengths we have to take infima 
on both sides of the inequality. There is in general no direct way to 
compare the translation length of ^(7) with the displacement length of 
^(7) with respect to a specific point x G X^p. In our situation we will 
make use of the causal structure on to compare the translation 

length of p(7) with the displacement length dsp( ^(7) 

3.4. Translation Length and Displacement Length. Fix a hy- 
perbolization h : Tg ^ PSL(2,R). Let 7 G Tg\{Id}. Denote by 
7"'",7~ G the attracting, respectively repelling, fixed point of 7 and 
by L± G C{V) the images of 7^ under the p-equivariant boundary 
map ip : ^ '^{^)- Let C A'gp be the symmetric subspace 

associated to L^,L_. 

Lemma 3.9. The translation length of p{'j) is attained on yL-,L+' 
tr,(7)= inf dsp(J',p(7)/)- 

Proof. The symmetric subspace yL_,L+ is a totally geodesic subman- 
ifold of Asp. Denote by pr-y : Asp — > the nearest point pro- 

jection onto 3^L_,L+. The projection pr-^ is distance decreasing. Since 
the element ^(7) stabilizes L±, the projection pr^ onto yL_,L+ is ^(7)- 
equivariant. Thus, for every J G Asp 

dsp {J, p{l)J) > dsp (pry( J), pry(p(7) J)) = dsp (pry( J), ^(7) Wy{J)) ■ 
In particular 

inf dsp(J,p(^)J) = inf dsp(J',p(^)J'). 

□ 

Lemma 3.10. Let po & 3 be some point lying on the geodesic c-y con- 
necting 7~ to 7"*". Let u = (7", Mo, 7'*') G T^ID) be the unit vector 
tangent to c-y at Pq. Then 

(1) p{^)J{u) G 
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(2) For any Z G Yl_,s there exists an N such that for all m > N: 



Proof. (1) The map u h- > J{u) is p-equi variant, thus p{'j)J{u) = J{v) e 
3^L_,s, with V — (7~, 71^0, 7"*")- Since 7"*" is the attracting fixed point of 
7, the triple (mq, 7^0, 7"*") is positively oriented, and {ip{uo), ip^'juo), (p{'j~^)) 
is a maximal triple. Then, by [3, Lemma 8.2], p{'~f)J[u) — J{u) — 
J{v) — J{u) is positive definite, thus p{j)J{u) G ^j(u)- 
(2) Let p be the maximal eigenvalue of Z G 3^l_,s. It suffices to 
show that there exists some N such that the minimal eigenvalue of 
pij)'^ J{u) G 3^L_,s is bigger than ji. Then p{j)^J{u) G flz and, 
with statement (1), we have that p{j)'^J{u) G VLpi^^-^N ji^^-^ C Vtz foi' all 
m > N. Note that 7™mo — > 7''' as m — > 00 and, since (p is continuous, 
p(7)"^</?(ito) — > </'(7"'")- Moreover ^(7)'+^ J(it) — p(7)V(it) is positive 
definite for all i. Hence, the eigenvalues of p{'~fyj{u) grow monotoni- 
cally towards 00. In particular, there exists such that the minimal 
eigenvalue of p{j)^ J{u) is bigger than p. □ 

Combining Lemma 3.10 with Lemma 3.5 we obtain 

Lemma 3.11. There exist constants A",B" > such that for every 



Proof. Fix Z G 3^l_,s. Choose, by Lemma 3.10, N big enough such 
that Z' := p(7)^J(m) G ilz- By Lemma 3.10 there are causal, distance 
realizing curves fz from Z to Z' and fi from pi^^yz' to p{'yy~^^Z' for 
all < i. For every k > the concatenation / = fk-i * ■ ■ ■ * fo * fz 
is a causal curve from Z to p{'y)^Z' = p{j)^~^''J{u). Thus applying 
Lemma 3.5 we get that for every k > 



p{l)'^J{u) G Qz. 



z G yL_,s 



dsp(JH,p(7)JH) < >l"dsp(Z,p(7)Z) + 5". 



dsp(Z, Z') + A;dsp(Z',p(7)Z') 



1=0 



< 



< 



length(/) 
ndsp(Z,p(7)'=Z') 

n [dsp(Z,p(7)^Z) +dsp(p(7)'^,p(7)'^')] 



< 



n ^ dsp(p(7)^^, pilY^'Z) + dsp(Z', Z) 



i=0 



ndsp(Z',Z) + dsp(Z, p(7)Z). 



ACTION OF MAPPING CLASS GROUP 13 

In particular 

77 — 1 

dsp(^',p(7)^') < ndsp(^,p(7)^) + -^dsp(^',^). 

Thus, for A" = n and B" > fixed we can choose k big enough such 
that ^ dsp(Z', Z) < B" to get 

dsp(Z',p(7)Z') < A"dsp(Z,p(7)Z) + 
Since dsp is left invariant, this implies 

dsp(J(x.),p(7)JW) < dsp(p(7)"^JW,p(7)"^^V(i.)) 

= dsp(Z',p(7)^') 
< A"dsp(Z,p(7)Z) + S", 

hence the claim. □ 

Lemma 3.12. There exist constants A", B" > depending only on 
dim(y) such that for all u e T^B and 7 G Tg 

ds^{J{u),p{^)J{u)) < A"tr,(7) + 2S". 

Proof. Fix some e > 0. By Lemma 3.9 there exists Zq e yL_,s such 
that 

dsp(Zo, p(l)Zo) < ^ inf dsp(X, p(7)X) + e = tr,(7) + e. 
Therefore Lemma 3.11 implies 

dsp(JH,p(7)J(M)) < A"ds^{Zo,p{i)Zo) + B" < A"trp{'y)+A"e + B". 
Since this holds for all e > we get that 

dsp(J(«),p(7)J(«)) < ^"tr,(7) + 2B". 

□ 

Proof of Proposition 3.1. Let p be a maximal representation of into 
Sp(y) and let p e D be such that tr/i(7) = dD(p, 7p);, then p lies on 
the unique geodesic c-y connecting 7" to 7"*". 

Let u — (7", ito, 7'*') e be the unit tangent vector to c-y at p and 
J(w) e iVL_,L+ the image of u under the mapping J : T^Ji — > Asp. By 
Lemma 3.7 there exists a constant A' such that 

A'-4r,(7) = A'-Mb(p,7p) < dsp(J(«),p(7)J(«)). 

Applying Lemma 3.12 to this, there exist constants A",B" > such 
that 

tr/.(7) < A'ds^iJiu),pi^).Jiu)) < A"^'tr,(7) + 2A'B". 
This in combination with Lemma 2.7 finishes the proof. □ 
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